The aim of this paper is to describe the infinitesimal deformation (M, V ) of a complex Finsler space family {(M, Lt)} t∈R and to study some of its geometrical objects (metric tensor, non-linear connection, etc). In this circumstances the induced non-linear connection on (M, V ) is defined. Moreover we have elaborate the inverse problem, the problem of the first order deformation of the metric. A special part is devoted to the study of particular cases of the perturbed metric.
Introduction
The problem of complex structure deformations on a differentiable manifold is one of interest, and in this direction, remarkable results have been obtained [7, 8] . Starting with a complex (integrable) manifold (M, J), a deformation of a certain integrable almost complex structure is studied by a power series expansion in a real parameter t of the linear operator J, so that the obtained manifold (M, J t ) must be an integrable complex one. The problem is difficult and involves algebraic geometry considerations. Generally, through a deformation of a complex manifold, the entire geometry (the complexificate tangent space, Hermitian metrics, linear connections, etc.) is modified considerably.
The present work is intended to approach a simpler problem. We will not deform the manifold M, so the holomorphic tangent bundle T M remains the same. Instead, we change the metrics which acts on T M, metrics which originates from a complex Finsler metric (M, L). In this way we obtain a family of complex Finsler spaces (M, L t ). This problem is called the deformation of the complex Finsler structures. To the best of our knolidge, the deformation of the complex Finsler structures was studied only by T. Aikou in [2] , where the infinitesimal deformation of the Einstein-Finsler structures on a holomorphic bundle E is approached. Obviously, in the case when E = T M, a special non-linear connection exits, called Chern-Finsler, which will bring new contributions to the study. This paper deals with three main sections. The fist reviews only the most necessary notions for the main part. The second one begins by considering a family of spaces (M, L t ) given by the complex Finsler metric F, and defines the infinitesimal deformation (M, V ) of the (M, L = F 2 ) space. Here we are dealing with some geometry elements (metric tensor, non-linear connection, etc.) of the complex Finsler space (M, V ), (Theorem 2.2). This point of view sheds some new light on the rigidity of an infinitesimal deformation of a Finsler space (Proposition 2.1). In contrast to previous section, the last part considers (M, L) a complex Finsler space, and defines the first variation of it as the one parameter family {L t = L + tV } t , where V is a real valued function. Under this assumption, the question is when (M,L t determines a family of complex Finsler spaces (Theorem 3.1). This problem has been called by us the first order deformation. What is important to be mentioned here is the relation between the induced connection of the deformation and the Chern-Finsler one (Theorem 3.2, Proposition 3.2). The advantage of using this connections lies in the fact that the characterization of the special subclasses is simplified. We will emphasize in our study only the pure Hermitian, the Kähler, the Berwald and the generalized Berwald spaces (Propositions 3.3, 3.4, 3.5, 3.6). This research includes also the characterization of the projective relation between the complex Finsler metrics L andL t (Proposition 3.7).
Let M be a complex manifold of complex dimension n, where (U, (z k )) is a local chart with complex coordinates (z k ), and T M is holomorphic tangent bundle where the fiber has the (η k ) components. From now on we take into consideration (M, L = F 2 ) as a complex Finsler space, where F : T M → R + is called the complex Finsler function if it satisfies the below conditions:
ii) F (z, η) ≥ 0, equality holds if and only if η = 0;
iv) the following Hermitian matrix g jk (z, η), with
is positive definite on T M , and it is called the fundamental metric tensor of the space.
On (M, F ) we consider the Chern-Finsler complex non-linear connection, (briefly (c.n.c.)) with the local coefficients N j k = gm j g lm ∂z k η l . Consequently, the horizontal distribution HT M associated to Chern-Finsler (c.n.c.) will be generated by δ k := 
The connection form and the curvature form is considered as follows:
Hence the Chern-Finsler (c.l.c.) is of type (1, 0) for any
where 
where
The following result is a complex version of Rapcsák's theorem.
Theorem 1.2 ([4]
). Let L andL be complex Finsler metrics on the manifold M. Then L andL are projectively related if and only iḟ
(r = 1, . . . , n), and the projective change isG
Infinitesimal deformations of Finsler structures
Let (M, L) be a complex Finsler space, with the fundamental tensor g jk (z, η).
We consider a 1−parameter family of complex Finsler spaces {(M, L t )} t∈R , where for each t ∈ R the functions L t (z, η) verifies the conditions i)-iv) on the T M holomorphic tangent bundle, and the metric tensors are g i (t) := g i (z, η, t) similar to (1) . Suppose that for t = 0 we have L 0 = L. For this family of complex Finsler spaces we can consider a tangent vector:
called the infinitesimal deformation induced by the L t family. Its components in respect with an orthonormal frame {δ k ,∂ k , δk,∂k} are given by:
Since L t are complex Finsler functions, we can deduce immediately that the V function is also smooth on T M , positive definite and homogeneous. However, this doesn't mean that the space (M, V ) is also a complex Finsler one. For this purpose the function V needs to verify the following conditions: is positive definite, then the (M, V ) will be a complex Finsler space, with the metric tensor v jk .
We suppose that (M, V ) is hereinafter a complex Finsler space. Between the metric tensors of (M, L) and (M, V ) we have: Lemma 2.1. Between the tensors g jk from (1) and v jk from (2) we have:
Proof. Our proof start with the observation that in (M, L) and in (M, L t ) it takes place:
After the differentiation in respect with respect to t at t = 0, and we obtain:
We are interested in finding new non-linear connections in (M, V ), and to establishing relations between them. Proof. According to [9] p.35, the functions V N k j are coefficients of a (c.n.c.), if the associated adapted frame
∂t | t=0∂k simply changes with the matrix
, we have that his adapted frame δ j := ∂ j − N k j (t)∂ k changes with the matrix ∂z k ∂z m . After a differentiation in respect to t, the same rule is preserved by the elements of the adapted frame, i.e.
On the other side, on (M, V ) we can consider the Chern-Finsler (c.n.c) :
We wish to investigate the link between this two (c.n.c) on
, and we explicit:
Applying this expression, we deduce a relation between the induced (c.n.c.) on (M, V ) and the Chern-Finsler one on (M, L):
The last formula can be processed in
∂z j η p , by using (3) can be written as:
From ( 
In the next part we will look more closely at the linear connection of the infinitesimal deformation (M, V ). Let 
then the connection form ω(t) of D t will be determined by
Now we consider a linear connection of (1,0)-type on the complex Finsler space (M, V ), with the connection form To give the explicit form for the infinitesimal deformation of the ChernFinsler connection ω(t) = D t + D t we differentiate (7) in respect to t at t = 0:
Let {δ 
We continue to develop independently the term
So (8) becomes
Contracted with gk m , and using D g jk = 0 and v
We can now formulate an important result about the linear connection 
where L m jk , C m jk are given in (2) . Using the definition of the curvature and the curvature form given in (3), we obtain the expression of the infinitesimal deformation of the curvature associated with the Chern-Finsler connection:
Obviously on the (M, V ) space we can also consider the Chern-Finsler connection associated to the metric v jk , i.e. 
First order deformation of a complex Finsler metric
Until now we have considered the complex Finsler space (M, L) and the family of complex Finsler spaces (M, L t ) which have defined the infinitesimal deformation V, for which we have presumed that satisfies the axioms of a complex Finsler function.
In the following, we treat the problem inversely. We consider the complex Finsler space (M, L) and V : T M → R + a given function. We define the family of functionsL t :
Obviously, from (1), follows that V is an infinitesimal deformation (of first order) ofL t .
We search for the conditions under which (M,L t ) are complex Finsler spaces. To achieve this, we must verify the four conditions from the definition of a complex Finsler function forL t .
The ii) condition is equivalent with
We verify the equality firstly from the converse, namely it assumes that η = 0.
In this way we obtaiñ
This relation is not vanishing for all t ∈ R, z ∈ M. 
iii) t is sufficiently small, so that he metricL t remains positive definite, iv) the fundamental tensorg jk (z, η, t) is positive definite, wherẽ
We assume that (M,L t ) is hereinafter a complex Finsler space.
To study the geometrical objects of (M,L t ) we need the inverse matrix of (g jk ).
Proposition 3.1. Let (M,L t ) a complex Finsler space. The inverse of the fundamental metric tensorg jk (t) from (11) isgk m (z, η, t) with
Proof. The proof is made trough direct calculus, with the help of Lemma 2.1.
In the study of the family of spaces {(M,L t )} t∈R an investigation of the non-linear connections is indispensable. On (M,L t ) the Chern-Finsler (c.n.c.) has the following form
where N Proof. The demonstration is made with direct computations using the formula (13). After a differentiation with respect to t at t = 0 of N i j (t) = gm i (t)∂ j g pm (t)η p and after a contraction with g il is obtained:
| t=0 = ∂ j v pl , and using (3) is deduced
Replacing this expression in (13), and keeping in mind (3), after an elementary calculation (14) is found. Now we are able to construct the adapted frame in respect to the ChernFinsler (c.n.c.) from (M,L t ).
Lemma 3.1. The adapted frame of the Chern-Finsler (c.n.c)Ñ (t) is {δ m (t),∂ m ,δm(t),∂m}, with: With all of the necessary objects, we can build the Chern-Finsler (c.l.c.) 
The torsion of the Chern-Finsler N − (c.l.c.)D t has the following non- 
Contracting this relation with vj
q we obtain wj q d w ij = gj q d g ij . Combining the formula of d with the expressions of the adapted horizontal frame δ k and of the vertical co-frame δη k in this relation, we can affirm: 
We check at ones that D = CF V D .
Remark 3.1. Using previous Theorem, we can assert that any complex Finsler structure (M, L) with infinitesimal deformation V which satisfies D V = 0 is a rigid one.
In the following, we will be concerned with the study of particular classes of the first order deformationL t = L + tV .
The notion of the purely Hermitian space ( [1, 9] ) is presented in the introductory part, and is related to the complex Finsler spaces whose metric g i is independent on η. Supposing thatL t is defining a complex Finsler metric (Th. 2.1) and its infinitesimal deformation V depends only of the position z. In this way we obtain from (11) immediately: 
To prove i) we have to go through the following steps. We explicit the equalitẏ ∂hG i = 0 in the following way:
Contracting this relation with g ik we obtaiṅ
Assuming∂hv i p = 0 leads us tȯ
Replacing (20) and (21) in (19), and using the property∂hδ i j = 0, we get
Therefore, if we impose that the tensors v i p and gm i ∂ 0 v 0m to be holomorphic, then (M,L t ) becomes a generalized Berwald space.
The ii) affirmation is obtained immediately from the expression ofG i from (18) applying the definition of a generalized Berwald space: 
∂t | t=0 of (M, V ) is independent from t. In this case, the projective change isG i = G i .
Proof. From the Theorem 1.2 we deduce that, two complex Finsler functions L andL t are in projective relation if an only if they verify the relation:
By the lemma below, we can express the terms of (22). 
Contracting this relation withη r , and using the homogeneity property ofL t , we find:
Replacing the expressions (24) and (25) in (23) we get:
In the above relation the expression in the brackets in generally is not zero, but the infinitesimal deformation of the complex spray G p is vanishing if the spray is independent from t.
The converse implication is obtained immediately from the formula (18).
